Fidelity is a fundamental and ubiquitous concept in quantum information theory. In this note, we derive some inequalities concerning fidelity between unitary orbits of quantum states. Potential applications are indicated.
where λ ↓ (ρ) (resp. λ ↑ (ρ) is the probability vector consisting of the eigenvalues of ρ, listed in decreasing (resp. increasing) order. Here F(p, q) is the classical fidelity between two probability distributions p = {p j } and q = {q j }, defined as F(p, q) def = ∑ j √ p j q j .
Theorem 1.2.
The set F(ρ, UσU † ) : U ∈ U (H d ) is identical to the interval
To establish these results, we make some preparations concerning rearrangement inequality in Sect. 2. We present the detailed proofs of Theorems 1.1 and 1.2 in Sect. 3 . We further discuss a problem concerning fidelity of evolution generated by a Hamiltonian in Sect. 4 . Finally, we summarize in Sect. 5.
Rearrangement inequality
In mathematics, the rearrangement inequality states that
for every choice of real numbers
and every permutation π. If the numbers are different, meaning that
then the lower bound is attained only for the permutation which reverses the order, i.e., π(i) =
, and the upper bound is attained only for the identity, i.e., π(i) = i for all i = 1, . . . , d. Note that the rearrangement inequality makes no assumptions on the signs of the real numbers.
T the rearrangement of u in decreasing order, namely, {u ↓ i } is a permutation of {u i } and u
T the rearrangement of u in increasing order.
The majorization has the following probabilistic characterization:
Proposition 2.1 (Hardy et al., [4] 
T . It is clear that P π is bi-stochastic, and that the set of bi-stochastic matrices is a convex set. The celebrated Birkhoff-von Neumann theorem states that the bi-stochastic matrices are, in fact, given by the convex hull of the permutation matrices [6] .
Proposition 2.2 (The Birkhoff-von Neumann theorem, [6]). A d × d real matrix B is a bi-stochastic matrix if and only if there exists a probability distribution
λ on S d such that B = ∑ π∈S d λ π P π . (2.2)
Lemma 2.3. For any two real vectors u, v ∈ R d , it holds that
3)
Proof. Firstly, we show that
From the Birkhoff-von Neumann theorem, we see that each B ∈ B d can be written as a convex combination of permutation matrices:
It is seen from the rearrangement inequality that
Since the set u ↓ , P π v ↓ : π ∈ S d is a discrete and finite set, it follows that the convex hull of this set is a one-dimensional simplex with their boundary points u ↓ , v ↑ and u ↓ , v ↓ . Therefore the desired conclusion is obtained.
Secondly, we show that
3 Fidelity between unitary orbits Proposition 3.1 (Wasin-So, [7] ). Let A, B be two n × n Hermitian matrices. Then there exist two n × n unitary matrices U and V such that
Proposition 3.2 (Golden-Thompson inequality, [8, 9] 
Proof. By the spectral decomposition theorem, we have
It follows from Lemma 2.3 that the desired conclusion is valid.
Remark 3.4. In fact, a direct consequence can be derived from the above proposition: for arbitrary
Moreover, the set Tr AUBU † : U ∈ U (H d ) is an interval by Lemma 2.3 and Proposition 3.3:
Indeed, since
As an application of this result, we get the following result: the relative entropy between two quantum states, represented by density operators ρ and σ, is defined as 
max
In the above formulation, H(p||q) is the classical relative entropy, defined, for two probability distributions p = {p j } and q = {q j }, by
Proof. Since
it follows from Proposition 3.3 and Remark 3.4 that the desired conclusions are correct. The details are omitted here. This completes the proof.
In fact, the above proposition also gives rise to the following inequality: 
The proof of theorem 1.1
The proof will be done for non-singular density operators. The general case follows by continuity.
In fact, the question can be reduced to the case where [ρ, σ] := ρσ − σρ = 0. Suppose that [ρ, σ] = 0. By the spectral decomposition theorem, without loss of generality, we assume that
Applying Proposition 3.1 to the pair (ρ, UσU † ), we have: there exist two unitary
That is,
where
Using the Golden-Thompson inequality, i.e. by Proposition 3.2, we get that
From the above discussion, we see that
implying the inequality (3.13) must be an equality. It is seen from Proposition 3.2 that
This means that U 0 is just a permutation since [ρ, σ] = 0.
Now we have shown that if [ρ, σ] = 0, then there exists a permutation matrix P such that
Finally, we can conclude that the permutation P must be the identity operator 1 d from the rear-
On the other hand,
which, from Proposition 3.3, implies that
Moreover, the above inequality sign can be replaced by equal sign for U ∈ U (H d ) such that
The proof of theorem 1.2
Note that any unitary matrix U can be parameterized as U = exp(tK) for some skew-Hermitian matrix K. In order to prove the mentioned set is an interval, we denote 15) where U t = exp(tK) for some skew-Hermitian matrix K. Note that t → U t is a path in the unitary matrix space. Next, we need use an integral representation of operator monotone function:
For convenience, let µ(x) = x r , then we have
Now we assume that the all operations are taken on the support of operators. Given nonnegative operator A, we have:
We only need the case where r = 1 2 . Therefore
Taking the first derivative on both sides gives
Discussion
We have solved the problem of evaluating the fidelity between unitary orbits of quantum states.
The analytical formulas for the minimal and maximal values are obtained, and it is also established that the fidelity traverses the whole interval between the minimal and the maximal values.
A further constrained problem relevant to quantum evolution generated by Hamiltonian is also considered.
As a "measure of the distance" between the fixed state and evolved one, we have used the fidelity F(ρ, σ(t)), where σ(t) = e itH σe −itH . Analogously, the entire analysis can be performed also using other kinds of measures which are connected with fidelity, for instance, the constrained optimization problem for the relative entropy: where U t = e itH is the unitary dynamics generated by a Hamiltonian H. The above constrained optimization problems are related with the speed of quantum dynamical evolution. Along the lines, more information can be found in [12, 13, 14, 15, 16, 17] .
The results obtained in this context will be used to study the modified version of superadditivity of relative entropy and weak sub-multiplicativity of fidelity in [18] .
